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Model-based experiment design techniques are an effective tool for the rapid development
and assessment of dynamic deterministic models, yielding the most informative process data
to be used for the estimation of the process model parameters. A particular advantage of the
model-based approach is that it permits the definition of a set of constraints on the experi-
ment design variables and on the predicted responses. However, uncertainty in the model pa-
rameters can lead the constrained design procedure to predict experiments that turn out to
be, in practice, suboptimal, thus decreasing the effectiveness of the experiment design ses-
sion. Additionally, in the presence of parametric mismatch, the feasibility constraints may
well turn out to be violated when that optimally designed experiment is performed, leading
in the best case to less informative data sets or, in the worst case, to an infeasible or unsafe
experiment. In this article, a general methodology is proposed to formulate and solve the
experiment design problem by explicitly taking into account the presence of parametric
uncertainty, so as to ensure both feasibility and optimality of the planned experiment. A pre-
diction of the system responses for the given parameter distribution is used to evaluate and
update suitable backoffs from the nominal constraints, which are used in the design session
to keep the system within a feasible region with specified probability. This approach is par-
ticularly useful when designing optimal experiments starting from limited preliminary knowl-
edge of the parameter set, with great improvement in terms of design efficiency and flexibility
of the overall iterative model development scheme. The effectiveness of the proposed method-
ology is demonstrated and discussed by simulation through two illustrative case studies con-
cerning the parameter identification of physiological models related to diabetes and cancer
care.VVC 2009 American Institute of Chemical Engineers AIChE J, 56: 2088–2102, 2010
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Introduction

Simulation, design, control, and optimization of chemical
processes rely on the availability of detailed mathematical
models. As a large class of phenomena can be represented
by systems of differential and algebraic equations (DAEs),
the goal of every model building procedure is to identify
both the model structure and the model parameters to repre-
sent the underlying phenomena in the most reliable and
accurate way. Modern model-based design of experiments
(MBDoE) techniques1 represent a powerful tool for the rapid
development and assessment of dynamic deterministic mod-
els, yielding the most informative set of data to collect from
an experimental session to estimate precisely the parameter
set of a given model (MBDoE for parameter estimation) or
to find, among several candidates, an adequate model struc-
ture (MBDoE for model discrimination). These techniques
allow for detection of the ‘‘best’’ experimental conditions to
maximize the information content of the experimental runs,
and their effectiveness has been demonstrated in several
areas.2–8 Specific user-friendly software has also been pro-
posed for model-based experiment design.9

The optimal experiment design problem for improving pa-

rameter estimation involves the maximization of a measure

of the expected information (i.e., the prediction of the infor-

mation that will be gained from the experiment, usually

evaluated from the Fisher information matrix10) by acting on

the experiment decision variables. The technique is usually

embodied in a sequence of three key activities (experiment

design, experiment execution, parameter estimation)11 and is

particularly flexible, allowing for the definition of a set of

active constraints on both state and design variables during

the optimization.12 The goal of a constrained MBDoE is to

achieve both optimality (maximization of the expected infor-

mation) and feasibility (no constraint violations) during the

experimental trials. As the methodology is model based,

both model mismatch (i.e., a model structure inadequate to

represent the physical systems) and parametric mismatch

(i.e., incorrect values of the parameters) may affect the con-

sistency of the whole design procedure.13 Despite the impor-

tance of ensuring optimally informative as well as feasible

experiments, relatively little work has been done to develop

a model-based experiment design technique capable of over-

coming both of the aforementioned issues.
In the topic of process systems design, the problem of

constrained optimization under uncertainty, seen as a trade-
off between feasibility and optimality, has long been recog-
nised as a key issue,14 because the presence of both varia-
tions in the operating conditions and uncertainty in the pro-
cess model (in terms of process model parameters and math-
ematical structure) deeply affects the optimality of process
and equipment design.15 Several approaches have been pro-
posed to solve the process design problem in the presence of
parametric uncertainty, where uncertain parameters are
described by probability distribution functions and the design
problem is formulated using probabilistic decision criteria.

Several works have appeared where the issue has been
tackled through a robust implementation based on the solu-
tion of a max-min optimization problem (worst case
approach).16,17 In this way the design solution (formally an
‘‘overdesign’’) represents the best decision based on the

actual knowledge on the process. Different methodologies
have been proposed to relax the worst case assumption,
where an expected value approach is used to increase the
design feasibility.18–21 Somehow, a similar route was consid-
ered by Monningmann and Marquardt,22 who proposed a
robust optimization approach to guarantee feasibility and
stability over the expected range of variation introducing
conservatism to handle parametric uncertainty.

In fact, as devised by Chachuat et al.,23 in the presence of
model uncertainty, feasibility is often of greater importance
than optimality. To tackle this issue, a more tailored strategy
is to enforce feasibility by the presence of backoffs from
active constraints. In the backoff approach (which also may
be implemented according to a worst-case approach24 or to
an expected value approach,25 or defining the magnitude of
the output variation26), the actual operating point is moved
away from the nominal operating point to ensure feasibility
of the process to compensate for the effect of disturbances.

Other formulations have been proposed to solve specific
operational issues like flexibility (i.e., the ability of the pro-
cess to preserve feasibility in the presence of uncertain-
ties27,28), robustness (i.e., the ability to preserve optimality
conditions for disturbances in the inputs29), controllability
(i.e., the ability of the system to recover from process distur-
bances or dynamic plant behavior30), economic performance
(i.e., the choice of the compromise between feasibility and
optimality in terms of the economy of the process itself31)
and the integration of some of the aforementioned
issues.32,33

From an MBDoE perspective, robust techniques for opti-
mal experimental design have been proposed in literature34,35

to preserve the optimality of the design in the presence of
parametric uncertainty, either through a worst case approach
or performing a dynamic optimization over all the predicted
uncertainty region of model parameters (expected value
approach). Rustem and Zakovic36 proposed a semi-infinite
programming algorithm to solve the global optimization
design and the feasibility problems in parallel, with great
benefit in terms of computational time saving; in this case,
the robust-constrained MBDoE problem was solved with
constraints on the design variables only. Rojas et al.37 pro-
posed a min-max approach to solve the robust optimal
design problems with simple constraints on the manipulated
inputs. Interestingly, the authors also compare different
design criteria linking robust control techniques38 and nomi-
nal experimental design procedure. Chu and Hahn39 pro-
posed a technique to integrate optimal parameters selection
with experimental design under parametric uncertainty for
nonlinear dynamic systems. The robust design was per-
formed by adopting a hybrid method combining a genetic
algorithm and a stochastic approximation technique.

However, to the best of our knowledge a framework for
explicitly taking into account the feasibility issue within an
MBDoE approach has not been presented so far. In this arti-
cle, a methodology is illustrated and discussed to address the
problem of the constrained optimal experimental design
under parametric uncertainty. Similarly to what was success-
fully proposed in other fields (and discussed in the above), a
backoff policy is adopted that allows guaranteeing the feasi-
bility of the optimally designed experiment in the presence
of parametric uncertainty. The technique is particularly
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suitable for planning experiments in such systems (for exam-
ple, physiological systems or reactive systems) where the
operability is strictly reduced by the presence of active con-
straints on state variables that are inherently related to the
physical system. The proposed technique is illustrated and
discussed through two simulated case studies concerning
parameter identification in physiological models related to
the care of diabetes mellitus and of cancer.

Problem Statement

Let us assume that in an existing system a number of
outputs can be measured and the vector y(t) [ RNy represents
the measured values of the outputs. Also, it is
assumed that the system can be described by a dynamic
deterministic model constituted by a set of index-1 DAEs of
the form

f _x tð Þ; x tð Þ;u tð Þ;w; ĥ; t
� �

¼ 0

ŷ tð Þ ¼ g x tð Þð Þ
(1)

with the set of initial conditions x(0) ¼ x0, subject to

C ¼ x tð Þ �G tð Þ � 0 (2)

where x(t) [ RNx is the vector of time-dependent state
variables, u(t) [ RNu and w [ RNw are, respectively, the time-
dependent and time-invariant control variables (manipulated
inputs), ĥ 2 <Nh is the set of the parameters values used in the
model, ŷðtÞ is the vector of the output values estimated by the
model, and t is time. C is an Nc-dimensional set of constraint
functions expressed through the set G(t) [ RNc of (possibly
time-varying) active constraints on the state variables.

Model-based experimental design procedures aim at
decreasing the model parameter uncertainty region by acting
on the design vector u [ Rnu:

u ¼ y0;uðtÞ;w; tsp; s
� �

; (3)

or equivalently

u ¼ u1 u2 ::: unu

� �T
; (4)

where y0 is the set of initial conditions of the measured
variables, and s is the duration of an experiment. The set of
time instants at which the output variables are sampled is a
design variable itself, and is expressed through the vector tsp ¼
[t1 … tnsp]

T of nsp sampling times. Control vector parameter-
ization techniques40 are used to discretize the control input u
profiles. These profiles can be approximated as piecewise
constant, piecewise linear, or polynomials functions over a
predefined number of intervals. The optimal design under
constraints problem can be formulated as finding:

u ¼ argminw Vh ĥ;u
� �� �

(5)

subject to C, where w is a metric of the variance-covariance
matrix of model parameters Vh expressing the selected design
criterion (A-, D-, E-optimal,10 SV-based41 or P-based42). In

addition to (2), a nu-dimensional set of constraints on the
design variables may be present, too, usually expressed as

ul
i � ui � uu

i i ¼ 1:::nu (6)

with lower (superscript l) and upper (superscript u) bounds on
the elements of u, constraining the design to a hyper-
rectangular sub-space of the overall design space Rnu. For a
single experiment the variance-covariance matrix of the model
parameters is

Vh ĥ;u
� �

¼ R�1
h þ

XNy

i¼1

XNy

j¼1

sijQ
T
i Qj

" #�1

¼ R�1
h þHh ĥ;u

� �h i�1

(7)

where sij is the ij-th element of the inverse of the (Ny � Ny)
estimated variance-covariance matrix R of measurement
errors, and Qi is the matrix of the sensitivity coefficients for
the i-th estimated output with respect to the model parameters
at each of the nsp sampling points:

Qi ¼
@ŷi tlð Þ
@hm

� �
l ¼ 1; :::; nsp m ¼ 1; :::;Nh: (8)

The matrix Hh is the Nh-dimensional Fisher information ma-
trix. Prior information on the model parameter uncertainty region
in terms of a statistical distribution (for instance, a uniform or
Gaussian distribution) can be included through matrix Rh.

The solution to the constrained MBDoE optimization
problem is the optimal design vector u that through model
(1) simulataneously satisfies the design optimality condition
(5), the feasibility constraints on the state variables (2) and
the constraints on the design variables (6).

Note that both the optimality and the feasibility conditions
are evaluated at the current estimated values ĥ of model pa-
rameters, which is different from the true (and unknown)
value of model parameters h. The parametric mismatch
affects both the optimality condition (5) and the feasibility
condition (2) as well as the constraints in (6). Prior knowl-
edge on the physical system (in particular of the sources of
uncertainty) and a preliminary analysis of the model around
a set of nominal experimental conditions may help to define
the boundaries of an ‘‘expected’’ uncertainty region of model
parameters. Hyper-rectangular uncertainty regions are fre-
quently used19,32 but, as suggested by Rooney and Biegler,43

the adoption of nonlinear confidence regions derived from
the likelihood ratio test leads to a more accurate representa-
tion of the uncertainty.

To predict the effect of parametric uncertainty on the opti-
mality and feasibility conditions, a stochastic approach may
be adopted, taking into account all the possible realizations
of the parameter vector elements over all the (expected)
uncertainty. In the stochastic approach, the entire set of pos-
sible realizations of h has to be defined through some proba-
bilistic assumptions, concerning the type of distribution and
the deviation metrics from the current estimate of the model
parameters, ĥ. In this perspective, the set of model parame-
ters can be regarded as a stochastic variable (symbol �), ~h,
i.e., a function considering all the possible realizations from
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the Nh-dimensional expected uncertainty of model parame-
ters T to the Nh-dimensional field of real numbers.

In the presence of parametric uncertainty, the solution of
the constrained MBDoE problem is not deterministic and the
solution of the optimal design under constraints problem is a
stochastic design vector ~u (i.e., a set of possible realizations
of the optimal design vector) satisfying at the same time the
model equations, the design optimality condition and the fea-
sibility constraints on both state and design variables. The
stochastic design vector represents the field of optimal and
feasible solutions of the design problem in the presence of
parametric uncertainty where the optimal design problem
under constraints is solved over T. Considering that, unless a
large number of identical experimental facilities is available,
only one experiment can be performed at a time, the above
general formulation needs simplifying so that a unique feasible
optimal solution for the experiment design problem is found.
The design objective function (5) can be evaluated, adopting a
conservative approach by considering an expected value or
worst case metric for Vh (emphasizing robustness, as is done
in Asprey and Macchietto35), or (as is done in this work) at the
actual information point (emphasizing optimality). Thus, the
following set of equations has to be solved

u ¼ argminw Vh ĥ;u
� �� �

(5)

subject to

fð~x: ðtÞ; ~xðtÞ;uðtÞ;w; ~h; tÞ ¼ 0 (9)

ŷ tð Þ ¼ g ~x tð Þð Þ (10)

C ¼ ~xðtÞ �GðtÞ þ b ~x
: ðtÞ; ~xðtÞ;uðtÞ;w; ~h; t

� �
� 0 (11)

ul
i � ui � uu

i i ¼ 1:::nu (6)

where b is a Nc-dimensional set of time-dependent backoff
functions taking into account the effect of parametric
uncertainty on the state variables at the designed experimental
conditions. Note that b is a function of a subset of the design
vector u (i.e., of u and w only). With some abuse of notation
the stochastic vector of model outputs is still indicated as ŷðtÞ.

The adoption of a backoff strategy allows to satisfy the
stochastic feasibility condition

~C ¼ ~x tð Þ �G tð Þ � 0 (12)

where the effect of parametric uncertainty is taken into
account exclusively through the backoff vector b. As the
backoff vector is a function of stochastic variables, a stochastic
simulation approach has been adopted in this article. The
stochastic simulation procedure for backoff vector evaluation
consists of three key steps:

1. Characterization of the parametric uncertainty: some
assumptions have to be made on the multidimensional uncer-
tainty domain T of model parameters and a reliable sampling
of T has to be carried out.

2. Mapping the uncertainty region of the state variables:
in our approach, several simulations are carried out adopting
random values for model parameters and a subsequent statis-
tical analysis of the profiles of state variables is used to pro-

vide a probabilistic description of the uncertainty region of
the state variables.

3. Backoff formulation and policy: starting from the
description of the uncertainty region of the state variables,
the user can build the set of backoff functions in (11). Note
that the experimenter’s decisions may deeply affect the ful-
filment of (12) because some constraints could be enforced
or relaxed through a backoff policy.

The steps involved in the stochastic simulation approach
for the backoff building are analysed in detail in the follow-
ing subsections.

Characterization of the Parameter Uncertainty

If a probability function is associated with the expected pa-
rameter uncertainty domain, then it is possible to define T as

T ¼ ~hij ~hij 2 ph ĥ; nh
� �

; i ¼ 1:::Nh; j ¼ 1:::N
			h i

(13)

where nh is a nnh-dimensional vector of parameters defining the
specific probability distribution ph, ~hij is the realization of the
i-th element of the parameters vector in the j-th event and N is
the population abundance. Note that the realizations of ~h could
be either independently distributed or correlated random
variables, coming either from a joint probability distribution
or from a set of univariate probability distributions. A
sampling of the expected uncertainty domain T needs to be
carried out to assess the effect of the possible realizations of
the unknown parametric set on the state variables of the model.
Different sampling methods can be used at the purpose.44

A critical aspect of the sampling procedure is the choice
of the number N0 of samples of the parameters probability
distribution. For one random variable,45 the following for-
mula can be used, according to the central limit theorem

N0 ¼ t0r̂2

e02
(14)

with t0 the t-value for the selected confidence level a (set by the
experimenter), e0 the error that the experimenter is willing to
expect and r̂2 the expected variance value. No general formulas
for N0 to define an appropriate sampling in multivariate
distributions are available, and amultivariate statistical analysis
of the sampled region is highly recommended.46 Chao47

proposed a principal component analysis (PCA) method for
sampling from multivariate distributions to summarize most of
the variability using the principal components with highest
variance. Global sensitivity analysis (GSA) methods involving
Fourier amplitude sensitivity test (FAST), Sobol,48 or the more
computationally efficient derivative-based global sensitivity
measures (DGSM) techniques49 could be useful to detect the
most relevant subsets of model parameters, allowing to decrease
the sampling size of the analysis. The main drawback is that
GSA is usually evaluated at some specified experimental
conditions and, because of the computational effort, it is
difficult to integrate it in a MBDoE optimization framework.

Mapping the uncertainty region of the state variables

After sampling the space of uncertain model parameters
T, a stochastic simulation is carried out where model (1) is
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solved repeatedly for the entire subset of possible realiza-
tions of the parametric uncertainty. The goal of the stochas-
tic simulation is to evaluate a set of time-dependent statisti-
cal parameters nx (t) describing px|u (nx (t),t), the probability
distribution of the state variables in the presence of paramet-
ric mismatch at the experimental settings defined by an
assigned u. As the state variables are usually correlated, px|u
(nx (t),t) generally defines a time-dependent joint confidence
region of the state variables. A set of N0 simulations based
on the N0 sampled values of the model parameters around
the nominal point ĥ at the experimental conditions u is car-
ried out, generating the N0-dimensional set of dynamic
responses, which are collected in a N0 � Ny time-dependent
matrix X. The problem of mapping the uncertainty region of
the state variables can be interpreted as finding the nnx-
dimensional set of time-dependent parameters nx (t) that are
specific for describing the given distribution (e.g., for a nor-
mal distribution, nnx ¼ 2 and the distribution parameters are
the vector of average values and the variance matrix of
model parameters).

It must be pointed out that:
• the number of simulations might be sufficient for a

complete description of ph, but not of px|u (nx (t),t) as the
model is nonlinear and the two distributions are usually dif-
ferent;
• the evaluation of X is computationally expensive,

involving the repeated numerical integration of a nonlinear
differential system.

We define the Nx-dimensional vector of average responses
�x as

�x tð Þ ¼
PN0

i¼1 Xi tð Þ
N0 (15)

and the Nx-dimensional variance vector is

r2x tð Þ ¼
PN0

i¼1 Xi tð Þ � �xð Þ2
N0 � 1

: (16)

In the hypothesis of (i) independence and identical dis-
tribution of the responses for each xi trajectory after ran-
dom sampling on h during the whole experimental horizon
(i.e., each xi trajectory belongs to the same kind of distri-
bution at a given experimental time and can be treated as
a purely random variable), (ii) finite variance of the model
responses, (iii) N0 being a sufficiently large number of sim-
ulations, and (iv) linear correlation between h and xi, then
it is possible to apply the central limit theorem. Under
those assumptions the xi’s can be considered normally dis-
tributed with mean �xi and standard deviation rx,i. The basic
idea is to capture the overall uncertainty of state variables
through a mean-variance regression model whose responses
can be represented by mean profiles and deviations from
the mean profiles. This approach resembles the one used in
nonlinear optimization under uncertainty (e.g., Darlington
et al.50) and robust design through metamodeling (e.g.,
Apley et al.51). For a normal distribution the confidence
intervals j for a (1 � a) ¼ 95% and (1 � a) ¼ 99.7%
confidence levels can be easily approximated by the fol-
lowing expressions

j95% ’ 2rx ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN0
i¼1 Xi � �xð Þ2
N0 � 1

s
(17)

j99:7% ’ 3rx ¼ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN0
i¼1 Xi � �xð Þ2
N0 � 1

s
(18)

The normal distribution usually provides a starting point
for the evaluation of the shape of the actual px|u (nx (t),t)
distribution that, in practice, because of a nonlinear correla-
tion between xi and h, might present some peculiarities:

1. Different dispersion around the vector of mean values;
2. Asymmetric dispersion around a critic value (skewed

distribution) with consequent inconsistency of the standard
normality assumption.

To overcome these issues, more complex distributions
may be considered (skew normal, Weibull, multivariate nor-
mal, Rosin-Rammler, bimodal, etc.).

Backoff formulation and policy

Once a predicted uncertainty region of the state variables is
defined, the backoff vector b of (12) can be approximated by

C ¼ x tð Þ �G tð Þ þ b pxju nx tð Þ; tð Þ; a; t� � � 0 (19)

where the Nc-dimensional time-varying backoff vector is a
function of the probability distribution of the state variables at
the experimental settings u, and of a confidence vector a. The
confidence vector can be set by the experimenter to tune the
backoff from the active constraints G. Prior information on the
system and convenience factors (e.g., the constraints on some
state variables might be relaxed or enforced according to their
relative importance) can guide the choice of the proper
confidence vector. One possible backoff formulation is:

b pxju nx tð Þ; tð Þ; a; t� � ¼ j (20)

where the backoff takes into account the overall (1�a)%
uncertainty region of state variables at the nominal conditions.
To increase the flexibility of the backoff strategy it is also
possible to adopt the expression

b pxju nx tð Þ; tð Þ; a;K; t� � ¼ Kj (21)

where K is a Nc-dimensional vector of coefficients larger than
1, used to increase conservatism. Through (21), the experi-
menter could always favor one direction of the variability
instead of another, thus guiding the backoff policy. It must be
pointed out that both backoff formulations (20) and (21) do not
depend on the closeness to the active constraints, but on the
predicted uncertainty region of the state variables only. More
complex formulations may include the backoff action in the
region of possible constraints violation only (i.e., for all the
possible realizations of ĥ 2 T at given u).

Integration of the Stochastic Information: MBDoE
with Backoff Algorithm

The stochastic approach for backoff building described in
the previous section needs to be integrated into a constrained
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MBDoE scheme. The final goal of the whole procedure is to
estimate the set of model parameters in the most precise and
reliable way by performing a sequence of highly informative
experiments within the feasible design region. For a
sequence of experiments to be designed, the general scheme
is shown in Figure 1. The methodology involves an iterative
scheme requiring as initial inputs (i) the definition of the
active constraints C, (ii) some knowledge on the parameter
system (initial value of the model parameters and related sta-
tistics), and (iii) some information about the backoff policy
and sampling technique.

The key activities are as follows:
1. The design with backoff step including the simultane-

ous execution of the following tasks: (i) the constrained
design of the experiment, with the optimality condition (5)
and feasibility condition (12) adjusted for the backoff from
the active constraints; (ii) the stochastic simulation providing
the backoff vector b, given the nominal value of model pa-
rameters.

2. The experiment execution, performed at the designed
experimental conditions.

3. The parameter estimation (different estimation techni-
ques can be used: least-squares, maximum likelihood, Bayes-
ian estimation) from the collected experimental data.

4. The assessment of the statistical precision of the pa-
rameters.

The sequence of activities can be iterated until a suffi-
ciently precise estimation is achieved. Figure 2 shows the
flux of information and tasks occurring in the stochastic sim-
ulation (Step 1i) defining the back-offs b (depending on u),
and in the MBDoE (Step 1ii) defining of the design vector u
(depending on b).

The critical steps are the description of the predicted
uncertainty region of model parameters and the mapping of
the predicted uncertainty region of the state variables. As for
the first issue, the focus is on how to exploit the prior infor-
mation and available knowledge to define the domain T of
parametric uncertainty in a reliable way. In particular, it is
not trivial to define a probability density function represent-
ing the variability of the parametric set. As for the second
issue, the problem of mapping the predicted uncertainty
region of state variables is an approximation problem solved

through a probabilistic approach driven by the experimenter.
In fact, the problem can be seen as choosing an optimal
trade-off between the accurate mapping of the uncertainty
region of the state variables and the computational effort for
the stochastic simulation.

Two case studies are examined in this article; they differ
in terms of the number of model parameters to be estimated,

Figure 1. Constrained MBDoE with backoff: iterative scheme: the sequence of operations enclosed in the dashed
box is detailed in Figure 2.

Figure 2. Flux of information in the constrained MBDoE
and stochastic simulation coupling.
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and of the type of active constraints on the state variables.
Both examples consider physiological models; however, the
methodology can be applied without any further extension to
generic process models.

In this article, the gPROMS
VR

modelling environment52 is
used for modelling, simulation and optimization purposes, as
well as to design the experiments. The SRQPD optimization
solver of gPROMS has been coupled with the SIMLAB

VR

software53 to generate the perturbed set of model parameters
for the stochastic simulations. An SQP (sequential quadratic
programming) routine was adopted in a two-step multiple
shooting technique54 to solve the nonlinear optimization
problem. In the first step, the optimal design problem is
solved as a maximization of the trace of the dynamic infor-
mation matrix over the experimental horizon. In the second
step, the preliminary optimal design vector evaluated in the
first step is randomised to provide different initial points for
the subsequent multiple shooting optimization.

Case Study 1: Optimal Insulin Infusion Rate in a
Subject Affected by Diabetes

Optimal MBDoE techniques have been recently applied to
a detailed model of glucose homeostasis to design a set of
clinical tests that allow to estimate the model parameters in
a statistically sound way for a subject affected by type-1 dia-
betes mellitus.8 However, because of the parametric mis-
match between the subject and the model (both are repre-
sented by the same DAE model, but with different sets of
parameters), a design strategy may provide an infeasible so-

lution due to a violation of the existing constraints on the
output (blood glucose concentration). Here, the goal is to
assess the effectiveness of a backoff-based experiment
design strategy aimed at ensuring, in the presence of para-
metric mismatch, a feasible and optimally informative clini-
cal test for parameter estimation purposes. A simplified
model of glucose homeostasis55 is adopted to describe blood
glucose and insulin concentrations dynamics. The model is
represented by the following set of differential equations:

dCg

dt
¼ �h1Cg � X Cg þ Cg;b

� �þ D tð Þ (22)

dX

dt
¼ �h2X þ h3I (23)

dI

dt
¼ �n I þ Ibð Þ þ u tð Þ

VI
(24)

where Cg is the blood glucose concentration (mg/dL), X the
insulin concentration (mU/L) in the nonaccessible compart-
ment, I the insulin concentration (mU/L), and u(t) the rate of
infusion of exogenous insulin (mU/min). The meal disturbances
model adopted in the study is the one proposed by Hovorka56:

D tð Þ ¼ 2:5At exp �0:05tð Þ (25)

with A the amount of glucose of the meal (g CHO). The basal
parameters (considered as constants) are given in Table 1.

The constraints on the system are the upper (G1 ¼ 150 mg/dL)
and lower (G2 ¼ 60 mg/dL) thresholds on blood glucose concen-
tration, which is the only state variable being constrained (i.e., y
¼ Cg ¼ x1). In reality, the lower bound only is a hard constraint
not to be violated. However, for the sake of example, both con-
straints will be treated as hard ones. Additional equality constraints
are set on the final glucose concentration (which must be equal to
the basal value of Cg,b ¼ 81 mg/dL and with a zero derivative) and
on the final insulin infusion rate (which must be equal to ub).

The test has to be optimally informative and safe for the
subject. Accordingly, an MBDoE with backoff is realised,
where the design vector is

u ¼ u tð Þ; tsp½ �: (26)

Table 1. Case Study 1: Value of Model Constants and
Description of Basal Parameters. Subject’s Body Weight:

78 kg

Basal
Parameters Description Value

Cg,b Basal glucose concentration in the
blood (mg/dL)

81

Ib Basal insulin concentration (mU/L) 15
VI Insulin distribution volume (L) 12
n Disappearance rate of insulin (min�1) 5/54
ub Basal insulin infusion rate (mU/min) 10.0

Figure 3. Case study 1, standard MBDoE.

(a) Glucose concentration profiles predicted by the model during the experiment design (broken line) and after parameter identification
(solid line); the subject actual response to the designed experiment is indicated by diamonds with measurement error bars. (b) Profiles of
the designed insulin infusion rate.

2094 DOI 10.1002/aic Published on behalf of the AIChE August 2010 Vol. 56, No. 8 AIChE Journal



The design variables are the insulin infusion rate and the
vector of sampling times. The experiment design sessions
are carried out by approximating the insulin infusion rate
u(t) as a piecewise constant function, with nsw ¼ 7 switching
times and nz ¼ 8 switching levels. The optimal scheduling
of a preset number nsp ¼ 10 of samples is also to be opti-
mized, considering a minimum time of 10 min between two
consecutive glucose concentration measurements. The glu-
cose amount in the meal A is kept constant and equal to 60
g of carbohydrates. The measured variable is the blood glu-
cose concentration Cg, with an expected relative error on the
measurements of 3% of the reading. The chosen design crite-
rion is the E-optimal experiment design for all the design
configurations. The two constraints equations including back-
off in the form (20) are:

C1 ¼ yþ b1 � G1 � 0 (27)

C2 ¼ �yþ b2 þ G2 � 0 (28)

with b ¼ [b1 b2]
T depending on the probability distribution of

the system response at the nominal conditions px1|u (nx1 (t),t).
The nominal values for the model parameters, valid for a
healthy subject, are ĥ ¼ 0:02873 0:02834 1:30E� 5½ �T.

As discussed by Furler et al.,57 a subject affected by dia-
betes should have a lower value of the first parameter. Here
it is assumed that:

1. The subject is diabetic and his/her condition is defined
by the parameter set h ¼ [0.0250 0.0150 1.26E � 5]T (the
relative deviations from the healthy subject set are therefore
of �13%, �47% and �3% respectively).

2. The experimental design procedure is based on the ĥ
set describing a healthy subject.

To take into account the uncertainty of model parameters
in mapping px1|u a stochastic approach is followed by run-
ning N0 ¼ 500 simulations; therefore, the expected uncer-
tainty of the model parameters adopted in the study is the
following:

T ¼ ~hij ~hij 2 ph ĥi; nh
� �

; i ¼ 1:::3; j ¼ 1:::500
			h i

(29)

defining an hypher-rectangular region of uncertainty where,

~h1 2 R1 ĥ1 � nh1 ; ĥ1 þ nh1

� �
¼ ph ĥ1; nh1

� �
~h2 2 R2 ĥ2 � nh2 ; ĥ2 þ nh2

� �
¼ ph ĥ2; nh2

� �
~h3 2 R3 ĥ3 � nh3 ; ĥ3 þ nh3

� �
¼ ph ĥ3; nh3

� � (30)

R ¼ [R1 R2 R3]
T is a family of independent uniform dis-

tributions defined by a set of upper and lower variability
bounds set by nh ¼ [nh1 nh2 nh3]

T ¼ [0.006 0.015 0.1E �
5]T. These settings for the perturbed values of parameters
include a wider uncertainty on the second parameter repre-
senting a subject with an altered insulin sensitivity.

If the uncertainty region of the state variables is built
assuming a normal distribution and a 99.7% confidence
region, it was observed that the distribution of the system
responses is skewed. Therefore, the hyphothesis of a normal
distribution provides a poorly accurate representation of the
distribution of the system responses for this case study. As a
consequence, to increase conservatism, the backoff is defined
as the maximum variation from the nominal profile, i.e., the
uncertainty region of the state variables is described through

Table 2. Case Study 1, Standard MBDoE

Model Parameter Final Value Initial Guess True Value Confidence Interval 95% 95% t value Standard Deviation

h1 0.028204 0.028735 0.0250 0.01396 2.021 0.00590
h2 0.014063 0.028344 0.0150 0.00241 5.843 0.00102
h3 1.241E-5 1.300E-5 1.26E-5 1.189E-6 10.44 5.028E-7

Parameter estimation, initial guess, true values, and statistics as 95% confidence intervals, t-values (reference t value ¼ 1.898) and standard deviations.

Figure 4. Case study 1, MBDoE with backoff.

(a) Glucose concentration profiles predicted by the model during the experiment design (broken line), after parameter identification (solid
line), and effect of backoff on active constraints (dash-dot lines); the subject actual response to the designed experiment is indicated by
diamonds with measurement error bars. (b) Profiles of the designed insulin infusion rate.
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the maximum and minimum blood glucose concentration
profiles over the parameter uncertainty domain.

To verify the effectiveness of a backoff-based experimen-
tal design, two different configurations were compared:

1. standard MBDoE with simple constraints and no back-
off;

2. MBDoE with backoff from constraints.
The results from the simple design (Figure 3) can be seen

as a motivating example for the adoption of a backoff-based
strategy. The optimal design conditions do not comply with
the lower constraint on the glucose concentration when
applied to a diabetic subject. The test is unsafe for the sub-
ject because hyphoglycaemia occurs at t ^ 90 min. It can
be noted that the parameter set is estimated well (Table 2)
using the data from the test: as expected, the designed
experiment, although infeasible, is optimally informative for
parameter estimation purposes.

To avoid constraint violations in the presence of paramet-
ric uncertainty, the experiment design procedure is coupled
to a stochastic simulation to estimate the necessary backoff
solving the (5), (9-11), (6) optimization problem. In this
way,

b ¼ b Rx1 uj xMIN
1 ; xMAX

1 ; t
� �

; a; t
� � ¼ b û; ph ĥ; nh

� �
; a; t

� �
(31)

and the backoff is a function of Rx1|u (xMIN
1 , xMAX

1 , t), a uniform
distribution defined by the highest value and the lowest value
of x1 at the t time. This distribution is function of the
parametric uncertainty distribution (30) and the estimated
value of the actual manipulated input. The simulation is
carried out with N0 ¼ 500 and is computationally expensive,
although the calculations burden could be reduced if an
appropriate initial guess profile of the manipulated input is
chosen (e.g., by using by the solution of a standard design or,
more efficiently, by evaluating the profile of the manipulated
inputs that satisfy the constraints of the problem with backoff
through a preliminary dynamic optimization).

Figure 4 shows the resulting profiles for the experimental
design with backoff, and Table 3 shows the parameter esti-
mation after the designed experiment with backoff. The pa-
rameter estimation is again statistically satisfactory (as can
be seen from the 95% confidence t-test values and from the
narrow confidence intervals) and the parameter values close
to those of the diabetic subject. It is interesting to note that
the design with backoff defines a test that is now both feasi-
ble and optimally informative. As can be seen from Figure
4a, the dynamics of glucose concentration is constrained
within a narrow range of operability to take into account the
stochastic contribution to the response of the parametric
uncertainty. Also note that according to Table 3, the design
with backoff allows obtaining a more precise estimation of
the model parameters. This may sound counter-intuitive as

the design space is restricted by the effect of the backoffs,
and indeed it can be verified that the design with backoff
does predict a less informative experiment (the final value
for the minimised objective function is 0.00547 against
0.00310 for the standard design). Thus, the ‘‘unexpected’’
better estimation of the parameter values can be explained
by the fact that the design (and the design objective func-
tion) depends on the current value of the model parameters,
whereas the experiment and subsequent estimation of the pa-
rameter values are based on the actual (unknown) values of
the parameters.

Case Study 2: Optimal Chemotherapeutic
Drug Administration

A second case study considers the model originally pro-
posed by Martin58 for the optimal chemotherapeutic drugs
administration to people affected by cancer. This model was
further analysed by Banga et al.59 in the topic of robust
dynamic optimization, to determine the optimal cancer drug
scheduling to decrease the size of a malignant tumor as
measured at some particular time in the future (note that
more complex models can be found in the literature, e.g., in
the optimization study by Dua et al.60). Here, the goal is to
assess the effectiveness of a backoff-based experiment
design strategy on ensuring, in the presence of parametric
mismatch, a feasible and optimally informative clinical test
for parameter estimation purposes, with the additional con-
straint of maintaining an effective therapy in terms of a
reduction of the number of cancer cells to be observed dur-
ing the test.

The cell-cycle nonspecific model comprises the following
set of equations:

dx1
dt

¼ �h1x1 þ h2 x2 � h3ð ÞH (32)

dx2
dt

¼ ud � h4x2 (33)

dx3
dt

¼ x2 (34)

Table 4. Case Study 2: Nominal Values and Description

of Model Parameters

Parameter Value Description

h1 9.9E-4 Cancer cells proliferation (days)
h2 8.4E-3 Drug action in cancer cells

elimination (days�1D�1)
h3 10 Drug threshold effect (D�1)
h4 0.27 Drug elimination from the body (days�1)

Table 3. Case Study 1, MBDoE with Backoff

Model Parameter Final Value Initial Guess True Value Confidence Interval 95% 95% t Value Standard Deviation

h1 0.02517 0.028735 0.0250 0.00336 7.480 0.00142
h2 0.01513 0.028344 0.0150 0.00193 7.848 0.00081
h3 1.287E-5 1.300E-5 1.26E-5 1.244E-6 10.350 5.260E-7

Parameter estimation, initial guess, true values, and statistics as 95% confidence intervals, t-values (reference t value ¼ 1.898) and standard deviations.
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where x1 represents the reduction of tumor cells (dimension-
less), x2 is the drug concentration in the body in drug units (D),
x3 is the cumulative (toxic) effect of the drug (D�days); h1, h2,
h3, and h4 are the model parameters to be estimated, ud is the
drug administration rate (D/days) and t is the time (days). The
tumor mass in terms of the number of cancer cells is given by:

Ncells ¼ 1013 exp �x1ð Þ: (35)

The drug concentration must be kept below an assigned
level during the treatment period and the cumulative effect
of the drug must be kept below the ultimate tolerance level.
Function H depends on x2 and h3 as in the following:

H ¼ 1; x2 � h3
0; x2\h3



(36)

This takes into account the fact that the drug is effective
only if its concentration in the body is above a threshold level.

The dynamic optimization problem consists of finding the
optimal ud(t) over t [ [0,tf] by maximizing

J ¼ x1 tf

		 (37)

subject to (32–34) and to the following path constraints:

x2 tð Þ � G1 ¼ 50

x3 tð Þ � G2 ¼ 2100� days
(38)

as well as to the following interior point constraints:

x1jt¼21 � G3 ¼ ln 200ð Þ
x1jt¼42 � G4 ¼ ln 400ð Þ
x1jt¼63 � G5 ¼ ln 800ð Þ

(39)

stating that there must be at least 50% reduction in the size of
the tumor every 3 weeks. In this case study, we see that Ny ¼ 1
and Nc ¼ 5 (i.e., this is a problem with a single-measured
response with multiple constraints); in addition, the control
input is bounded (0 � ud(t) � 100). The upper threshold for the
cancer biomass is Ncells ¼ 1.5E þ 10, which can be seen as a

terminal state for the subject. The maximum experiment time
acceptable for the optimization is tf ¼ 84 days (12 weeks). The
measured variable is y ¼ exp(�x1), and the measurements are
available with a relative error of 3%. The initial state is taken
at x

0 ¼ [ln(100) 0 0]T and the nominal values of model
parameters are shown in Table 4, with a short explanation of
their physical meaning.

The model is rather sensitive to the parameter values. Fig-
ure 5 shows the effect of a change in one parameter value
on the proliferation of cancer cells (Figure 5a) and on the
effectiveness of the drug therapy (Figure 5b).

A constrained dynamic optimization adopting (37) as the

objective function would provide an efficient test, but a low infor-

mation level for parameter estimation purposes. More impor-

tantly, the parametric uncertainty might lead the test to be infeasi-

ble and to return sub-optimal solutions. On the other hand, a sim-

ple MBDoE procedure based on (5) would provide an optimally

informative but less effective test protocol, with the same prob-

lems of feasibility and robustness of the solution in the presence

of parametric uncertainty. A backoff strategy can guarantee the

feasibility of both an optimally informative (i.e., MBDoE-based)

and an optimally efficient (i.e., dynamically optimized) test.

To solve the optimization problems, the model parameters
are scaled to unity using the values reported in Table 4 (sym-
bol Ĥ is used for the estimated normalized set). A model with
H ¼ [1.2 0.8 1.2 0.8]T (i.e., 20% deviation from the nominal)
is considered to represent a subject with a greater proliferation
of cancer cells and a less effective response to drug delivery.
The manipulated input is approximated with a piecewise con-
stant function with nsw ¼ 10 and nz ¼ 11. The sampling points
(nsp ¼ 13) are collected to identify the model parameters with
a minimum time of 1 day between two consecutive measure-
ments. An E-optimal criterion is chosen for MBDoE.

The expected uncertainty domain T of model parameters
is defined by

T ¼ ~Hij
~Hij 2 pHi

Ĥi; nHi

� �
; i ¼ 1:::3; j ¼ 1:::N0

			h i
(40)

where the normalized parameter vector components are
assumed to be independent and normally distributed stochastic
variables

Figure 5. Case study 2: effect of the value of h1 and h2 on the number of cancer cells over a 12-week period.

(a) No drug administration. (b) Step administration of drug after three weeks.
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~Hi 2 pHi
Ĥi; nHi

� �
¼ Ni li;rið Þ i ¼ 1:::Nh (41)

with mean l ¼ Ĥ and standard deviation r ¼ 0.15. N0 ¼ 100
simulations were carried out to build the (1�a) ¼ 99.7%
confidence region of system responses. Note that the selected
vector of standard deviations defines a wide uncertainty region
for the model parameters. The choice of the number of
simulations is related to the definition of the predicted
uncertainty: the wider the uncertain region the smaller the
number of simulations required to represent it (i.e., there is a
trade-off between calculation/experimental effort and con-
fidence on the parameters value).

Although results are not reported here for the sake of con-
ciseness, both a standard dynamic optimization (DOPT) as
in Banga et al.59 and a standard MBDoE were carried out.
In both cases, the fundamental issue is that the interior point
constraints on the number of cancer cells and the upper
bound on the cumulative drug concentration in the body
were violated. Also a dynamic optimization with backoff
(DOPTB) was carried out: in this case no violation of the
constraint occurred, but yet an evenly spaced (not optimized)
sampling policy was not effective for a sound estimation of
the model parameters.

To verify the effectiveness of a backoff approach for opti-
mal drug scheduling and to overcome the limitations of

standard optimization and standard experiment design, a con-
strained design of experiment with backoff (MBDoEB) is
used to determine the optimal drug administration rate.

Figure 6. Case study 2, MBDoEB.

(a) Profile of the number of cancer cells Ncells (solid line) with 95% confidence region (short dash-dotted lines), point constraints (open tri-
angles) and effect of the backoff on point constraints (closed triangles). (b) Optimal profile for drug administration rate. (c) Drug concen-
tration in the body. (d) Cumulative effect of the drug profiles; path constraints (dot lines) and effect of the backoff on constraints (dash-
dotted lines) during the optimization.

Figure 7. Case study 2, MBDoEB.

Profile of the number of cancer cells Ncells predicted by the
model after parameter identification (solid line), sample
measurements (diamonds) and interior point constraints
(open triangles).
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The results in terms of statistics on parameter estimation,
feasibility and effectiveness of the care are analysed in the
following section.

Model-based experiment design with backoff

To formulate the necessary backoff from the active con-
straints, the distribution of the entire set of state variables (y, x2,
x3) was approximated by a set of independent normal distribu-
tions. The backoff vector in the (22) form can be evaluated
from the (1�a)% confidence intervals for the state variables

b N nx tð Þ; tð Þ; a; tð Þ ¼ j (42)

where the set of independent normal distributions N is defined
by nx(t) parameters, defining a vector of average profiles and
standard deviations from the average profiles.

The vector C ¼ [C1 C2 C3 C4 C5] of active constraints on
state variables including backoff can be expressed for the
state variables x2 and x3 as

C1 ¼ x2 tð Þ þ b1 tð Þ � G1 � 0 (43)

C2 ¼ x3 tð Þ þ b2 tð Þ � G2 � 0 (44)

concerning the path constraints, and

C3 ¼ y t¼21j � b3 t¼21j � G3 � 0 (45)

C4 ¼ y t¼42j � b4 t¼42j � G4 � 0 (46)

C5 ¼ y t¼63j � b5 t¼63j � G5 � 0 (47)

for the interior point constraints. The Nc-dimensional vector of
backoff functions coming from the normality assumption is

b ¼

2ry t¼21j
2ry t¼42j
2ry t¼63j
2rx2 tð Þ
2rx3 tð Þ

2
66664

3
77775 (48)

for a confidence level of (1�a) ¼ 95%. In this case, the
assumption of independence and identical distribution for the

states allows describing the uncertainty region of system
responses in a satisfactory and adequate way.

A further constraint is added to ensure the effectiveness of
the therapy in the worst case (minimum reduction of the size
of the tumor over the considered uncertainty domain of
model parameters T), stating that

J Tj � 13:8� e (49)

where e is a small nonzero number taking into account the
deviation of model-based design of experiments with backoff
(MBDoEB) objective function from the optimal conditions
derived from DOPTB. The idea underneath this approach is to
perform an optimal experiment design ensuring the effective-
ness of a dynamic optimization with backoff. The MBDoEB
optimization problem consists on finding the optimal ud(t)
profile satisfying through the model (32–36) the design
optimality condition and the feasibility constraints (43–47)
and (49).

Results are shown in Figure 6. The backoff strategy
guarantees the feasibility of the designed experiment with
the specified level of uncertainty. We verified that the
final reduction of the mass of the tumor is indeed very
similar to the one obtained through a DOPTB. The opti-
mal settings provided by the optimization lead the x2 and
x3 profiles close to the upper path constraints, without
crossing them.

The measurements from the designed experiment
(MBDoEB) and the estimated profile are shown in Figure 7
(also showing how the interior point constraints on the meas-
ured variable y are largely fulfilled). Note that the design
optimization chooses a very uneven sampling profile (i.e.,
sample are taken where the information content is higher).

The parameter estimation is statistically satisfactory (even
if the informative content of the test is lower than the one
obtained in the standard MBDoE) as summarised in Table 5.

Table 6 summarizes all the simulation results considered
in Case Study 2 in terms of proposed technique, feasibility,
and design optimality.

One drawback of the proposed methodology is the high
computational effort for the stochastic simulation required to
build the necessary backoff. As mentioned before, parallel
computing and SA-based sampling methods can drastically
reduce the computational burden. In any case, the computa-
tional burden is not a critical issue in this case study as the
calculation time (\5 h in a Pentium D 3Ghz CPU) is small
when compared to the duration of the therapy and is to be
done before the therapy has commenced.

Conclusions

In this article, a methodology for the constrained MBDoE
in the presence of parametric uncertainty was proposed and

Table 5. Case Study 2, MBDoEB

Model Parameter Final Value Initial Guess True Value Confidence Interval 95% 95% t Value Standard Deviation

H1 1.2389 1.0 1.2 0.3693 3.355 0.1633
H2 0.7773 1.0 0.8 0.1211 6.417 0.0535
H3 1.1844 1.0 1.2 0.1473 8.038 0.0651
H4 0.7841 1.0 0.8 0.0996 7.871 0.0440

Parameter estimation, initial guess, true values and statistics as 95% confidence intervals, t-values (reference t value ¼ 1.833) and standard deviations.

Table 6. Case Study 2, Summary of the Results Achieved
with Different Proposed Techniques

Experiment Technique Feasibility
Design

Optimality

DOPT Dynamic optimization No No
DOPTB Dynamic optimization

with backoff
Yes No

MBDoE Constrained experiment design No Yes
MBDoEB Constrained experiment

design with backoff
Yes Yes
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discussed. The optimal design of an experiment for improv-
ing parameter estimation is a particular form of dynamic
optimization problem that can be very effective where both
optimality and feasibility of the designed experiment are im-
portant issues to consider. As parameter uncertainty affects
both design optimality and experiment feasibility, a modified
methodology exploiting stochastic information about the
parametric system was adopted to design the necessary back-
offs from the active constraints. The backoff strategy allows
moving the optimal point to keep the experiment in the fea-
sible region of the state variables. Two simulated case stud-
ies have been proposed to assess the effectiveness of the
new technique.

In the first case study, the methodology was applied to a
model of the glucose homeostasis to detect the best insulin
infusion rate profile to infuse to estimate the parameters of a
subject with type-1 diabetes mellitus when no preliminary
information about the subject is available. The backoff strat-
egy allows estimating the parametric set describing the dia-
betic subject in a safe manner, while a standard design (even
if optimal) leads the subject to hypoglicaemia.

In the second case study, dealing with the optimal delivery
of chemotherapeutic agents in cancer treatment, the problem
of estimating the model parameters was faced by considering
the effectiveness of the care (i.e., its capability of decreasing
the tumor size in a given amount of time) as well as the opti-
mality and feasibility of the optimized test. As a standard
model-based experiment design leads to an infeasible test
when parametric uncertainty is present, an MBDoE with back-
off was analyzed and discussed. This methodology proved to
ensure both optimality and feasibility of the planned experi-
ment, overcoming the limitations of the other two.

Future work will aim at further improving the proposed
approach by reducing the computational burden (which may
hinder the method convenience/applicability in short-lasting
experiments or whenever an on-line design update is
desired61) and by generalizing (and optimizing) the handling
of the stochastic representation. Additional benefits may
derive by the definition and implementation of global opti-
mization algorithms preventing the risk of incurring into
local minima.
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Notation

A ¼ glucose amount of the meal
Cg ¼ glucose concentration in the blood

Cg,b ¼ basal glucose concentration in the blood
cij ¼ ij-th element of the correlation matrix for model parameters (C)
D ¼ meal disturbance function
f ¼ differential and algebraic system implicit function
g ¼ measurements selection function
H ¼ threshold-based function for drug effectiveness
I ¼ insulin concentration in the accessible compartment
Ib ¼ insulin basal value
J ¼ objective function of the dynamic optimization
ki ¼ i-th Bolus release relaxing factor
n ¼ disappearance rate of insulin

nsp ¼ number of samples
N ¼ population abundance

Ncells ¼ number of cancer cells
N0 ¼ number of samples representing probability ph
Nu ¼ number of manipulated inputs
Nx ¼ number of state variables
Nw ¼ number of time invariant controls
Ny ¼ number of measured variables
Nh ¼ number of model parameters
Nc ¼ number of constraints
Ng ¼ number of inequality constraints
nsw ¼ number of switching levels
nu ¼ number of design variables
nnh ¼ number of parameters needed to define probability density

function ph
nnx ¼ number of parameters needed to define probability density

function px
ph ¼ probability density function of model parameters
px ¼ probability density function of model responses
pH ¼ probability density function of normalised model parameters
ph|u ¼ probability density function of model parameters conditioned by

u
px|u ¼ probability density function of model responses conditioned by

u
qi ¼ i-th element of the dynamic sensitivity matrix (Q)
R ¼ probability density function of a uniform distribution
sij ¼ ij-th Element of the inverse matrix of measurements errors
t ¼ time
t0 ¼ t-value for Bartlett’s formula (16)
tf ¼ maximum experimental time
ti ¼ i-th t-value

tsw ¼ switching time
u ¼ insulin infusion rate
ud ¼ drug administration rate
ub ¼ time-invariant basal insulin infusion rate

ubol ¼ insulin bolus amount
vij ¼ ij-th element of the variance-covariance matrix Vh

VI ¼ insulin distribution volume
x ¼ generic state variable
X ¼ insulin concentration in the nonaccessible compartment
y ¼ generic measured output
a ¼ statistical significance factor
bi ¼ i-th element of the backoff vector
e0 ¼ expected error for Bartlett’s formula (16)
e ¼ small nonzero number for formula (51)
ui ¼ i-th element of the design vector
C ¼ response selection function
ji ¼ i-th confidence interval
r̂ ¼ expected variance for Bartlett’s formula (16)

rx,i ¼ standard deviation of the i-th response
ry ¼ standard deviation of the measured variable
hi ¼ i-th model parameter
~hi ¼ stochastic realization of the i-th model parameter
~hij ¼ stochastic realization of the i-th element of the parameters

vector in the j-th event
Hi ¼ i-th normalised model parameter
~Hi ¼ stochastic realization of the i-th normalised model parameter
~Hij ¼ stochastic realization of the i-th normalised parameter in the j-

th event
s ¼ test duration
w ¼ Vh measurement function

Vectors and Matrices [dimension]

C ¼ set of constraint functions [Nc]
~C ¼ stochastic vector of constraint functions [Nc]
G ¼ set of active constraints [Nc]
Hh ¼ dynamic information matrix [Nh � Nh]
H0

h ¼ preliminary information matrix [Nh � Nh]
y0 ¼ vector of initial conditions [Ny]
y ¼ measurements vector [Ny]
ŷ ¼ vector of estimated responses [Ny]
Q ¼ sensitivity matrix [nsp � Nh]
t
sp ¼ vector of sampling points [nsp]
t
sw ¼ vector of switching times [nswþ1]
u ¼ vector of manipulated inputs [Nu]

Vh ¼ variance-covariance matrix of model parameters [Nh � Nh]
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w ¼ vector of time-invariant control [Nw]
x ¼ vector of state variables [Nx]
x0 ¼ vector of initial conditions for state variables [Nx]
x
0 ¼ vector of initial states [Nx]
_x ¼ vector of derivatives on state variables [Nx]
X ¼ matrix of stochastic simulation responses [N0 � Ny]
�x ¼ vector of average responses [Nx]
X
i ¼ vector of responses in the i-th simulation run [Nx]
a ¼ vector of significance factors [Nc]
b ¼ vector of backoff functions [Nc]
u ¼ design vector [nu]
~u ¼ stochastic design vector [nu]
j ¼ vector of confidence intervals [Nx]
K ¼ vector of user-defined coefficients for equation (23) [Nc]
h ¼ vector of values of model parameters for the subject [Nh]
ĥ ¼ vector of estimated values of model parameters [Nh]
~h ¼ stochastic vector of model parameters [Nh]
h0 ¼ vector of initial guesses of model parameters [Nh]
H ¼ vector of normalised model parameters for the subject [Nh]
Ĥ ¼ vector of estimated values of normalised model parameters

[Nh]
rx ¼ vector of standard deviations on model responses [Nx]
R ¼ measurement errors variance-covariance matrix [Ny � Ny]
Rh ¼ prior variance-covariance matrix of model parameters [Nh �

Nh]
nh ¼ vector of parameters needed to define probability density

function ph [nnh]
nx ¼ vector of parameters needed to define probability density

function px [nnx]

Other symbols

N ¼ set of probability density functions with normal distributions
[Nc]

R ¼ set of probability density functions with uniform distribution
[Nc]

T ¼ uncertainty domain of model parameters
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